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On the family of trajectories of an analytic gradient
flow converging to a critical point
by Zbigniew Szafraniec
Abstract. Let f : Rn → R be an analytic function. There are presented
sufficient conditions for existence of an infinite family of trajectories of the
gradient flow x˙ = ∇f(x) which converge to a critical point of f .
1 Introduction.
Let f : Rn → R be an analytic function. According to Łojasiewicz [12], the
limit set of an integral curve of the dynamical system x˙ = ∇f(x) is either
empty or contains a single critical point of f . So the family of trajectories
which converge to a critical point is a natural object of study in the theory
of gradient dynamical systems.
Let f : Rn, 0 → R, 0 be an analytic function defined in a neighborhood
of the origin, having a critical point at 0. We shall write T (f) for the set
of non-trivial trajectories of the gradient flow x˙ = ∇f(x) which converge to
the origin. There is a natural problem: is T (f) infinite? (In the planar case
this is equivalent to the problem whether the stable set of the origin has a
non-empty interior?)
In some cases the answer is rather obvious. Let Sr = S
n−1
r ∩ {f < 0},
where Sn−1r = {x ∈ R
n | |x| = r}, 0 < r ≪ 1. By [15], [16], if T (f) is finite
then each cohomology grup H i(Sr) is trivial for i ≥ 1. Hence, if there exists
i ≥ 1 with H i(Sr) 6= 0 then T (f) is infinite.
In [2] (see also Section 3) there is presented an intrinsic filtration of T (f)
given in terms of characteristic exponents and asymptotic critical values of
f . Unfortunately, these numbers are difficult to compute. This is why in this
paper we present methods which are more easy to apply.
Let ω : Rn, 0 → R, 0 be the homogeneous initial form associated with
f . In some cases investigating properties of this form may provide simple
conditions which guarantee that T (f) is infinite. Put Ω = Sn−1 ∩ {ω < 0}.
We shall show that T (f) is infinite if at least one cohomology group H i(Ω),
where i ≥ 1, is non-trivial. Applying the Moussu results [14] one may also
show that the same holds true if there exists at least one non-degenerate
critical point of ω|Ω which is not a local minimum.
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However, if n = 2 and Sr 6= S
1
r then none of the above assumptions would
hold, but T (f) may be infinite. (See Example 4.3.)
The main result of this paper says that T (f) is infinite if rank H0(Sr) <
rank H0(Ω), that is Sr has less connected components than Ω.
As a corollary we shall show that the inequality χ(Sr) < χ(Ω) implies
that T (f) is infinite. (It is proper to add that there exist efficient methods
of computing these Euler-Poincare´ characteristics (see [11], [17]).)
In [18] there are presented sufficient conditions for the stable set of the
origin to have a non-empty interior which can be applied to our problem in
the case where n ≥ 3.
It is worth pointing out that according to Moussu [14, Theorem 3] the
family T (f) always contain trajectories which are represented by real analytic
curves converging to the origin. In some cases a family of those analytic
curves can be infinite.
The paper is organized as follows. In Section 2 we prove preliminary
results about the homotopy type of some semi-analytic sets. In Section 3
we present properties of important geometric invariants associated with tra-
jectories of the gradient flow. In Section 4 we prove the main result of this
paper (Theorem 4.1), and we show how to apply it. References [1], [4], [10],
[16] present significant related results and applications.
2 Preliminaries.
Let f : Rn, 0 → R, 0 be an analytic function defined in an open neighbour-
hood of the origin. Let Q+ denote the set of positive rationals. For ℓ ∈ Q+,
a < 0, y < 0 and r > 0 we shall write
Bnr = {x ∈ R
n | |x| ≤ r} , Sn−1r = {x ∈ R
n | |x| = r},
V ℓ,a = {x ∈ Rn \ {0} | f(x) ≤ a|x|ℓ},
Sℓ,ar = S
n−1
r ∩ V
ℓ,a , Bℓ,ar = B
n
r ∩ V
ℓ,a, F ℓ,a(y) = f−1(y) ∩ V ℓ,a,
Dℓ,a(y) = f−1([y, 0)) ∩ V ℓ,a = {x ∈ V ℓ,a | y ≤ f(x) < 0}.
Lemma 2.1. Assume that ℓ ∈ Q+ and a < 0. If 0 < −y ≪ r ≪ 1 then the
sets Sℓ,ar and F
ℓ,a(y) are homotopy equivalent. In particular, the cohomology
groups H∗(Sℓ,ar ) and H
∗(F ℓ,a(y)) are isomorphic.
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Proof. For x ∈ V ℓ,a∪{0} lying sufficiently close to the origin we have |x|1/2 ≥
|f(x)| ≥ |a| · |x|ℓ, so that in particular functions f(x), |x|2 restricted to this
set are proper. According to the local triviality of analytic mappings (see
[5]), they are locally trivial. So there is r0 > 0 such that |x| : B
ℓ,a
r0
→ (0, r0] is
a trivial fibration. Hence the inclusion Sℓ,ar ⊂ B
ℓ,a
r is a homotopy equivalence
for each 0 < r ≤ r0.
By similar arguments, there is y0 < 0 such that D
ℓ,a(y0) ⊂ B
ℓ,a
r0
and f :
Dℓ,a(y0)→ [y0, 0) is a trivial fibration, so that the inclusion F
ℓ,a(y) ⊂ Dℓ,a(y)
is a homotopy equivalence for each y0 ≤ y < 0.
So, if 0 < −y ≪ r ≪ 1 then we may assume that r ≤ r0, y0 ≤ y, and
Dℓ,a(y) ⊂ Bℓ,ar ⊂ D
ℓ,a(y0) ⊂ B
ℓ,a
r0
.
As inclusions Dℓ,a(y) ⊂ Dℓ,a(y0) and B
ℓ,a
r ⊂ B
ℓ,a
r0
are homotopy equivalencies,
thenDℓ,a(y) ⊂ Bℓ,ar is a homotopy equivalence too. Then F
ℓ,a(y) is homotopy
equivalent to Sℓ,ar .
For 0 < −y ≪ r ≪ 1 we shall write
Fr(y) = B
n
r ∩ f
−1(y) , Sr = {x ∈ S
n−1
r | f(x) < 0},
We call the set Fr(y) the real Milnor fibre. According to [13], it is either
an (n − 1)-dimensional compact manifold with boundary or an empty set.
Moreover, the sets Fr(y) and Sr are homotopy equivalent.
Corollary 2.2. If 0 < −y ≪ r ≪ 1 then the cohomology groups H∗(Sr) and
H∗(Fr(y)) are isomorphic.
Let ω be the initial form associated with f and let g = f − ω, so that
f = ω + g. Denote by d the degree of ω. Hence g = O(|x|d+1).
Lemma 2.3. If 0 < r ≪ −a ≪ 1 then sets Sd,ar = S
n−1
r ∩ {f ≤ ar
d},
Sn−1r ∩ {ω ≤ ar
d} and Ω = Sn−1 ∩ {ω < 0} have the same homotopy type.
Proof. For r ∈ R sufficiently close to zero and x ∈ Sn−1 we have
f(rx) = ω(rx) + g(rx) = rdω(x) + rd+1G(x, r),
where G(x, r) is an analytic function defined in an open neighbourhood of
Sn−1 × {0}. Put H(x, r) = ω(x) + rG(x, r), and Hr = H(·, r) : S
n−1 → R.
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By [13, Corollary 2.8], there exists a0 < 0 such that any a0 < a < 0 is a
regular value of ω|Sn−1. Hence there exists r0 > 0 such that a is a regular
value of every Hr, where −r0 < r < r0. Then
{(x, r) ∈ Sn−1 × (−r0, r0) | H(x, r) ≤ a}
is an n-dimensional manifold with boundary Sn−1×(−r0, r0)∩H
−1(a). By the
implicit function theorem, the mapping (x, r) 7→ r restricted to both above
manifolds is a proper submersion. By Ehresmann’s theorem, it is a locally
trivial fibration. Hence if r is sufficiently close to zero then the manifolds
Sn−1 ∩ {ω ≤ a} = {x ∈ Sn−1 | H(x, 0) ≤ a} and Sn−1 ∩ {Hr ≤ a} = {x ∈
Sn−1 | H(x, r) ≤ a} are homeomorphic.
The set Sn−1 ∩ {ω ≤ a} is a deformation retract of Ω = Sn−1 ∩ {ω < 0},
so that these sets have the same homotopy type.
We have f(rx) = rdHr(x). Hence x ∈ S
n−1 ∩ {Hr ≤ a} if and only if
rx ∈ Sn−1r ∩ {f ≤ ar
d}, and the proof is complete.
3 Geometric invariants of the function.
In the beginning of this section we present some results obtained by Kur-
dyka et al. [8], [9] in the course of proving Thom’s gradient conjecture. In
exposition and notation we follow closely these papers.
Let f : Rn, 0 → R, 0 be an analytic function defined in a neighbourhood
of the origin, having a critical point at 0. The gradient ∇f(x) splits into its
radial component ∂f
∂r
(x) x
|x|
and the spherical one ∇′f(x) = ∇f(x)− ∂f
∂r
(x) x
|x|
.
We shall denote ∂f
∂r
by ∂rf .
For ǫ > 0 define W ǫ = {x | f(x) 6= 0 , ǫ|∇′f | ≤ |∂rf |}. There exists a
finite subset of positive rationals L(f) ⊂ Q+ such that for any ǫ > 0 and any
sequence W ǫ ∋ x → 0 there is a subsequence W ǫ ∋ x′ → 0 and ℓ ∈ L(f)
such that
|x′| ∂rf(x
′)
f(x′)
→ ℓ .
Elements of L(f) are called characteristic exponents.
Fix ℓ > 0, not necessarily in L(f), and consider F = f/|x|ℓ defined in the
complement of the origin. We say that a ∈ R is an asymptotic critical value
of F at the origin if there exists a sequence x→ 0, x 6= 0, such that
|x| · |∇F (x)| → 0 , F (x) =
f(x)
|x|ℓ
→ a .
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The set of asymptotic critical values of F is finite.
The real number a 6= 0 is an asymptotic critical value if and only if there
exists a sequence x→ 0, x 6= 0, such that
|∇′f(x)|
|∂rf(x)|
→ 0 ,
f(x)
|x|ℓ
→ a .
Hence the set
L′(f) = {(ℓ, a) | ℓ ∈ L(f), a < 0 is an asymptotic critical value of f/|x|ℓ}
is a finite subset of Q+ × R−, where R− is the set of negative real numbers.
We shall write T (f) for the set of non-trivial trajectories of the gradient
flow x˙ = ∇f(x) converging to the origin. By Section 6 of [8], for every such a
trajectory x(t), with x(t) → 0, there exists a unique pair (ℓ′, a′) ∈ L′(f) such
that f(x(t))/|x(t)|ℓ
′
→ a′. There is a natural partition of T (f) associated
with L′(f). Namely for (ℓ′, a′) ∈ L′(f),
T ℓ
′,a′(f) = {x(t) ∈ T (f) | f(x(t))/|x(t)|ℓ
′
→ a′ as x(t)→ 0}.
In the set Q+ × R− we may introduce the lexicographic order
(ℓ′, a′) ≤ (ℓ, a) if ℓ′ < ℓ, or ℓ′ = ℓ and a′ ≤ a.
Take (ℓ, a) ∈ Q+ × R− \ L
′(f). We shall write
T˜ ℓ,a(f) =
⋃
T ℓ
′,a′(f), where (ℓ′, a′) < (ℓ, a) and (ℓ′, a′) ∈ L′(f).
According to [15], there are 0 < −y ≪ r ≪ 1 such that each trajectory
x(t) ∈ T (f) intersects Fr(y) transversally at exactly one point. Let Γ(f) ⊂
Fr(y) be the union of all those points. So there is a natural one-to-one
correspondence between trajectories in T (f) and points in Γ(f). The same
way one may define the set Γℓ
′,a′(f) ⊂ Fr(y) (resp. Γ˜
ℓ,a(f) ⊂ Fr(y)) whose
points are in one-to-one correspondence with trajectories from T ℓ
′,a′(f) (resp.
T˜ ℓ,a(f)). In particular, for (ℓ, a) ∈ Q+ × R− \ L
′(f) the set
Γ˜ℓ,a(f) =
⋃
Γℓ
′,a′(f), where (ℓ′, a′) < (ℓ, a) and (ℓ′, a′) ∈ L′(f),
is a subset of Γ(f).
By [15, Theorem 12], [2, Theorem 6] we have
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Theorem 3.1. If 0 < −y ≪ r ≪ 1 then the inclusion Γ(f) ⊂ Fr(y) induces
an isomorphism
H¯∗(Γ(f)) ≃ H∗(Fr(y)),
where H¯∗(·) is the Cˇech-Alexander cohomology group. In particular Γ(f) has
the same (finite) number of connected components as Fr(y).
Moreover, for every (ℓ, a) ∈ Q+ × R− \ L
′(f) the set Γ˜ℓ,a(f) is a closed
subset of F ℓ,a(y). The inclusion induces an isomorphism
H¯∗(Γ˜ℓ,a(f)) ≃ H∗(F ℓ,a(y)).
Remark 3.2. If Γ(f) is infinite then it contains at least one compact and in-
finite connected component, which is obviously not a zero-dimensional space.
If that is the case then the Menger-Urysohn dimension as well as the Cˇech-
Lebesgue covering dimension of this component is at least one (see [3]).
By Lemma 2.1 and Corollary 2.2 we get
Corollary 3.3. There is an isomorphism H¯∗(Γ(f)) ≃ H∗(Sr). In particular
Γ(f) has the same (finite) number of connected components as Sr.
Moreover, for every (ℓ, a) ∈ Q+ × R− \ L
′(f), if 0 < r ≪ 1 then
H¯∗(Γ˜ℓ,a(f)) ≃ H∗(Sℓ,ar ).
In particular, if there exists i ≥ 1 such that H i(Sr) 6= 0 then T (f) is infinite.
So, if Sr 6= ∅ and the Euler-Poincare´ characteristic χ(Sr) ≤ 0, then T (f) is
infinite.
Example 3.4. The polynomial f(x, y, z) = x3 + x2z − y2 is weighted homo-
geneous. Of course Sr 6= ∅. By [17, p.245], the Euler-Poincare´ characteristic
χ(S2r ∩ {f ≥ 0}) = 2. By the Alexander duality theorem we have χ(Sr) = 0.
Hence the set T (f) is infinite.
Proposition 3.5. Let d be the degree of the homogeneous initial form ω
associated with f , and let Ω = Sn−1 ∩ {ω < 0}. If 0 < −a ≪ 1 then
H¯∗(Γ˜d,a(f)) ≃ H∗(Ω). In particular, if H i(Ω) 6= 0 for some i ≥ 1 then
T (f) is infinite.
Proof. As L′(f) is finite, if 0 < −a≪ 1 then (d, a) 6∈ L′(f). By Corollary 3.3
and Lemma 2.3, if 0 < r ≪ −a≪ 1 then H¯∗(Γ˜d,a(f)) ≃ H∗(Sd,ar ) ≃ H
∗(Ω).
In particular, if H i(Ω) 6= 0, where i ≥ 1, then H¯ i(Γ˜d,a(f)) 6= 0, and so
Γ˜d,a(f) is infinite. Hence T˜ d,a(f), as well as T (f), is infinite.
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Corollary 3.6. If ω is a quadratic form which may be reduced to the diagonal
form −x21 − · · · − x
2
i+1 + x
2
i+2 + · · ·+ x
2
j , where i ≥ 1, then
H¯ i(Γ˜2,a(f)) ≃ H i(Ω) ≃ H i(Si) 6= 0.
Hence T (f) is infinite.
Example 3.7. Let f(x, y, z) = z(x2 + y2) +x2y2z− z4. It is easy to see that
Sr = S
2
r ∩ {f < 0} is homeomorphic to a union of two disjoint 2-discs, so
that H i(Sr) = 0 for i ≥ 1. As ω = z(x
2 + y2), then Ω is homeomorphic to
S1 × (0, 1), and so H1(Ω) 6= 0. Hence T (f) is infinite.
Corollary 3.8. If Ω 6= ∅ and the Euler-Poincare´ characteristic χ(Ω) ≤ 0,
then T (f) is infinite.
Investigating the gradient flow in polar coordinates and applying argu-
ments presented by Moussu in [14, p.449] the reader may also prove the next
proposition. (As its proof would require to introduce other techniques , so
we omit it here.)
Proposition 3.9. Suppose that there exists a non-degenerate critical point
of ω|Ω which is not a local minimum. Then T (f) is infinite.
In particular, if there exists a non-degenerate local maximum of ω|Ω then
the interior of the stable set of the origin is non-empty.
Example 3.10. Let f(x, y) = x3 + 3xy2 + x2y2, so that ω = x3 + 3xy2. It
is easy to see that ω|S1 has a non-degenerate local maximum at (−1, 0) ∈ Ω.
Then the interior of the stable set of the origin is non-empty. In particular
T (f) is infinite.
4 Main results
Theorem 4.1. Suppose that f : Rn, 0→ R, 0 is an analytic function having
a critical point at the origin
If rank H0(Sr) < rank H
0(Ω), i.e. the number of connected components
of Sr is smaller than the number of connected components of Ω, then the set
of trajectories of the gradient flow x˙ = ∇f(x) converging to the origin is
infinite.
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Proof. Suppoose, contrary to our claim, that T (f) if finite. Then Γ(f) is
finite, and for any (ℓ, a) ∈ Q+×R− \L
′(f) the set Γ˜ℓ,a(f) is finite too. Hence
rank H¯0(Γ˜ℓ,a(f)) equals the number of elements in Γ˜ℓ,a(f).
By Lemma 2.3, there exist 0 < r ≪ −a ≪ 1 such that Ω and Sd,ar have
the same homotopy type. By Corollary 3.3, the group H∗(Sr) is isomorphic
to H¯∗(Γ(f)). Hence rankH0(Sr)= rank H¯
0(Γ(f)) equals the number of el-
ements in Γ(f). Moreover, rankH0(Ω)= rankH0(Sd,ar )= rank H¯
0(Γ˜d,a(f))
equals the number of elements in Γ˜d,a(f).
As Γ˜d,a(f) ⊂ Γ(f), then rankH0(Ω) ≤ rankH0(Sr), which contradicts
the assumption.
Theorem 4.2. If χ(Sr) < χ(Ω) then T (f) is infinite.
Proof. By Corollary 3.3 and Proposition 3.5, it is enough to consider the case
where all cohomology groups H i(Sr), H
i(Ω), where i ≥ 1, are trivial.
If that is the case then rankH0(Sr) = χ(Sr) < χ(Ω) = rankH
0(Ω). By
Theorem 4.1, the set T (f) is infinite.
Example 4.3. Let f(x, y) = x3 − y2, so that ω = −y2. Then Ω = {(x, y) ∈
S1 | − y2 < 0} = S1 \ {(±1, 0)}. Obviously Ω has two connected components
and H i(Ω) = 0 for any i ≥ 1. The function ω|Ω has exactly two critical
(minimum) points at (0,±1). As Sr is homeomorphic to an interval, then by
Theorem 4.1 the set T (f) is infinite.
Example 4.4. Let f(x, y, z) = xyz − z4, so that ω = xyz. It is easy to
see that Ω is homeomorphic to a disjoint union of four discs, and Sr is
homeomorphic to a disjoint union of two discs. By Theorem 4.1 the set T (f)
is infinite.
Example 4.5. Let f(x, y, z) = xyz + x4y − 2y4z + 3xz4, so that f has an
isolated critical point at the origin and ω = xyz. Applying Andrzej Łe¸cki
computer program (see [11]) we have verified that the local topological degree
of the mapping
R3, 0 ∋ (x, y, z) 7→ −∇f(x, y, z) ∈ R3, 0
equals zero. By [6], [7], the Euler-Poincare´ characteristic χ(S2r ∩{f ≥ 0}) =
1− 0 = 1. By the Alexander duality theorem χ(Sr) = 1. By Theorem 4.2 the
set T (f) is infinite.
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